It is shown that photon shot noise and radiation-pressure back-action noise are the sole forms of quantum noise in interferometric gravitational wave detectors that operate near or below the standard quantum limit. No additional noise arises from the quantization of the test masses, or from reduction of the test-mass quantum state due to measurement of the interferometer output. Two features of interferometers are central to these conclusions: (i) The interferometer output (the photon number fluxN (t) entering the final photodetector) commutes with itself at different times in the Heisenberg Picture, [N (t),N (t )] = 0 and thus can be regarded as classical. (ii) This number flux is linear in the test-mass initial position and momentum operatorsxo andpo, but those operators influence the measured photon flux only at the test masses' ∼ 1 Hz pendular swinging freqency and their influence is therefore removed when the output data are high-pass filtered to get rid of noise below ∼ 10 Hz.
It is shown that photon shot noise and radiation-pressure back-action noise are the sole forms of quantum noise in interferometric gravitational wave detectors that operate near or below the standard quantum limit. No additional noise arises from the quantization of the test masses, or from reduction of the test-mass quantum state due to measurement of the interferometer output. Two features of interferometers are central to these conclusions: (i) The interferometer output (the photon number fluxN (t) entering the final photodetector) commutes with itself at different times in the Heisenberg Picture, [N (t),N (t )] = 0 and thus can be regarded as classical. (ii) This number flux is linear in the test-mass initial position and momentum operatorsxo andpo, but those operators influence the measured photon flux only at the test masses' ∼ 1 Hz pendular swinging freqency and their influence is therefore removed when the output data are high-pass filtered to get rid of noise below ∼ 10 Hz.
The test-mass operatorsxo andpo contained in the unfiltered outputN (t) make a nonzero contribution to the commutator [N (t),N (t )]. That contribution is precisely cancelled by a nonzero commutation of the photon shot noise and radiation-pressure noise, which also are contained in N (t). This cancellation of commutators is responsible for the fact that it is possible to derive an interferometer's standard quantum limit from test-mass considerations, and independently from photon-noise considerations, and get identically the same result.
These conclusions are all true for a far wider class of measurements than just gravitational-wave interferometers. To elucidate them, this paper presents a series of idealized thought experiments that are free from the complexities of real measuring systems.
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I. QUESTIONS TO BE ANALYZED AND SUMMARY OF ANSWERS
It has long been known that the Heisenberg uncertainty principle imposes a "standard quantum limit" (SQL) on high-precision measurements [1] [2] [3] . This SQL can be circumvented by using "quantum nondemolition" (QND) techniques [2] [3] [4] [5] [6] [7] [8] [9] .
For broad-band interferometric gravitational-wave detectors the SQL is a limiting (single-sided) spectral density
for the gravitational-wave field h(t) [10, 11] . Hereh is Planck's constant divided by 2π, m is the mass of each of the interferometer's four test masses, L is the interferometer's arm length, and f is frequency. This SQL firmly constrains the sensitivity of all conventional interferometers (interferometers with the same optical topology as LIGO's first-generation gravitationalwave detectors) [12, 13] . LIGO's second-generation interferometers (LIGO-II; ca. 2008) are expected to reach this SQL for their m = 40 kg test masses in the vicinity of f ∼ 100 Hz [14] , and may even beat it by a modest amount thanks to a "signal recycling mirror" that converts them from conventional interferometers into QND devices [15] [16] [17] . LIGO-III interferometers are likely to beat the SQL by a factor ∼ 4 or more; see, e.g., [13] .
In the R&D for LIGO-II interferometers [14] [15] [16] [17] and in the attempts to invent strongly QND LIGO-III interferometers [18] [19] [20] [21] [22] [23] [24] 13] , it is important to understand clearly the physical nature of the quantum noise which imposes the SQL, and to be able to compute with confidence the spectral density of this quantum noise for various interferometer designs. These issues are the subject of this paper.
There are two standard ways to derive the gravitational-wave SQL (1.1), and correspondingly two different viewpoints on it. The first derivation [10] focuses on the quantum mechanics of the interferometer's test masses and ignores the interferometer's other details. In the simplest version of this derivation, one imagines a sequence of instantaneous measurements of the differencê
of the center-of-mass positions of the four test masses, and from this measurement sequence one infers the changes of x and thence the time varying gravitationalwave field h(t) = x(t)/L. At time t immediately after one of the measurements, the test masses' reduced state has position variance [∆x(t)] 2 no smaller than the measurement's accuracy. During the time interval τ = t − t between this measurement and the next, the test masses are free, sox(t) evolves as the position of a free particle with mass µ = m/4 (1.3) [the reduced mass of the four-body system with relative position (1.2)]. The Heisenberg-Picture commutation relations for a free particle [x(t),x(t )] = ih(t − t) µ = 4ihτ m (1.4) imply that, whatever may be the state of the test masses, the variance [∆x(t )] 2 ofx just before the next measurement must satisfy the Heisenberg uncertainty relation
The accuracy with which the change of x between t and t can be measured is no better than the value obtained by setting ∆x(t) = ∆x(t ), and in classical language that accuracy is related to the minimum possible spectral density of the noise at frequency f 1/πτ by ∆x(t) = ∆x(t ) S h (f )/τ . Simple algebra then gives expression (1.1) for the SQL of S h (f ). A more sophisticated analysis [10] , based on measurements that are continuous rather than discrete and on a nonunitary Feynman-path-integral evolution of the test-mass state [25] , gives precisely the SQL (1.1).
The second derivation of the SQL [26, 27] ignores the quantum mechanics of the test mass, and focuses instead on that of the laser light which monitors the test-mass motion. The light produces two kinds of noise: photon shot noise, which gets superposed on the output gravitational-wave signal, and radiation-pressure fluctuations, which produce a random back-action force on the test masses, thereby influencing their position evolution and thence the interferometer output. In an ideal, SQLlimited interferometer, both noises -shot and radiationpressure -arise from quantum electrodynamic vacuum fluctuations that enter the interferometer through its dark port and superpose on the highly classical laser light [26, 27] . The radiation-pressure spectral density is proportional to the laser-light power P , the shot-noise spectral density is proportional to 1/P , and their product is independent of P and is constrained by the uncertainty principle for light (or equivalently by the electromagnetic field commutation relations) to be no smaller than
[cf. Eqs. (6.7) and (6.17) of [3] in which there is a factor 1/4 on the right side because Ref. [3] uses a double-sided spectral density, while the present paper uses the gravitywave community's single-sided convention]. In Eq. (1.6) S x (f ) is the spectral density of the shot noise that is superposed on the interferometer's output position signal x(t), S F (f ) is the spectral density of the radiationpressure force that acts on the test-mass center-of-mass degree of freedom x, and we have assumed that the shot noise and radiation-pressure force are uncorrelated as is the case for conventional (LIGO-I type) interferometers [13, [15] [16] [17] 
2 ], and correspondingly the net gravitational-wave noise is
(1.7)
By combining Eqs. (1.6), (1.7) and (1.3), we obtain the SQL (1.1) for a conventional interferometer, e.g. LIGO-I. In view of these two very different derivations of the SQL, test-mass quantization and light quantization, three questions arise: (i) Are the test-mass quantization and the light quantization just two different viewpoints on the same physics?-in which case the correct SQL is Eq. (1.1). Or are they fully or partially independent effects? -in which case we would expect their noises to add, causing the true SQL for S h to be larger by, perhaps, a factor 2 (and thence the event rate in an SQL-limited interferometer to be reduced by a factor ∼ ( √ 2) 3). (ii) How should one compute the quantum noise in candidate designs for the QND LIGO-II and LIGO-III interferometers? One inevitably must pay close attention to the behavior of the light (and thus also its quantization), since the optical configuration will differ markedly from one candidate design to another. Must one also pay close attention to the quantum mechanics of the test masses, including their commutation relation (1.4) and the continual reduction of their state as information about them is continually put onto the light's modulations and then measured? (iii) Similarly, how should one design a QND interferometer? Need one adjust one's design so as to drive both the light's noise and the test-mass noise below the SQL?
As we shall show, the answers are these: (ii) The testmass quantization is irrelevant to the interferometer's noise and correspondingly test-mass state reduction is irrelevant. Therefore, one can ignore test-mass quantization and state reduction when computing the noise of a candidate interferometer. (iii) Similarly, one can ignore the test mass's quantum noise when designing a QND interferometer that beats the SQL. One need only pay attention to the light's quantum noise, and in principle, by manipulating the light appropriately, one can circumvent the SQL completely. (i) Correspondingly, the SQL (1.1) as derived from light quantization is precisely correct; there is no extra factor 2 caused by test-mass quantization. [The fact that one can also derive the SQL from test-mass quantization is a result of an intimate connection between the uncertainty principles for a measured system (the test masses in our case) and the system that makes the measurement (the light). We shall elucidate this intimate connection from one viewpoint at the end of Sec. II B 4. From another viewpoint, it is due to the fact that the commutator [x(t),x(t )], which underlies the test-mass derivation (1.4), (1.5) of the SQL, also underlies the derivation of the measuring light's uncertainty relation (1.6); see the role of the generalized susceptibility χ(t, t ) = (1/ih)[x(t ),x(t)] in Sec. 6.3 of Ref. [3] .] Central to our answers (i), (ii) and (iii) is the fact that an interferometric gravitational-wave detector does not monitor the time-evolving test-mass positionx(t). Rather, it only monitors classical changes inx(t) induced by the classical gravitational-wave field h(t) and other classical 1 forces (thermal, seismic, ...) acting on the test masses, and it does so without extracting information about the actual quantized positionx(t). The detector has a classical input [h(t)] and a classical output [h(t) contaminated by noise that (as we shall see) commutes with itself at different times and that therefore can be regarded as a time-evolving c-number]. The quantum properties of the test masses and the light are merely intermediaries through which the classical signal must pass. This would not be the case for a device designed to make a sequence of absolute measurements of the quantum mechanical positionx(t).
Our answers (i), (ii), (iii) hold true for a far wider range of measuring devices than just interferometric gravitational-wave detectors. They hold quite generally for any well-designed device that measures a classical force acting on any quantum mechanical system.
In Sec. II we will elucidate these answers by considering pedagogical examples of idealized devices that make discrete, quick measurements on a test mass. These examples will reveal two central underpinnings of our answers: (a) the vanishing of the measurement's "output commutators" -i.e., the commutators of the observables (Hermitian operators) that represent the entries in the output data stream, and (b) a data-processing procedure that removes from the data all influence of the test-mass quantum observables (initial positionx o and initial momentump o ). Our examples will also elucidate two strategies for beating the SQL: (A) put the measuring apparatus ("meters") into specially chosen initial states (the analog of squeezed states), and (B) measure a wisely chosen linear combination of position and momentum for the test mass and thereby remove the effects of the meters' back action from the output data (make a "quantum variational measurement").
Our examples are the following: We will begin in Sec. II A with a simple, idealized, instantaneous single measurement of the position of a single test mass. This example will demonstrate that the noise associated with test-mass quantization and the noise associated with the meter's quantization are truly independent (though closely linked), and will illustrate how under some circumstances they can add, producing a doubling of the noise power. Then, in Sec. II B, we will analyze the use of a sequence of these idealized, instantaneous position measurements to monitor a classical force that acts on the test mass. This example will illustrate the vanishing self-commutator of the output data samples, which arises from a cancellation of the test-mass-position commutator by the measurement-noise commutator; it also will illustrate how signal processing can remove all influence of test-mass quantization and test-mass state reduction from the output data stream. Our third example (Sec. II C) will be a Heisenberg-microscope-like realization of these instantaneous, idealized position measurements, in which a pulse of near-monochromatic light is reflected off the test mass, thereby encoding the test-mass position in a phase shift of the light. This example will give reality to the idealized examples in Secs. II A and II B, and will help connect them to the subsequent discussion of interferometric gravitational-wave detectors.
In Sec. III we will use the insights from our pedagogical examples to prove and elucidate our three answers [(i), (ii), (iii) above] for gravitational-wave interferometers, and also for a wide range of other classical force measurements. The underpinnings for our answers will be: (a) a proof that for a quantized electromagnetic wave, such as that entering the final photodetector of an interferometer, the photon number flux operator commutes with itself at different times (this flux is the output data stream), and (b) a proof that all influence of the testmass quantum observables is removed from the output data stream by the kind of high-pass filtering that is routinely used in gravitational-wave detectors. Our analysis will also elucidate QND interferometer designs based on (A) squeezed-input states for light and (B) variationaloutput measurements.
II. PEDAGOGICAL EXAMPLES

A. A single position measurement:
"double" uncertainty relation
We begin with a simple pedagogical example of a single measurement of the position of a single test mass. The Heisenberg microscope is a famous realization of this example; see Sec. II C.
The measurement is idealized as instantaneous and as occuring at time t = 0. At times arbitrarily close to t = 0, the Hamiltonian for the test mass (with position and momentumx andp) and the measuring device (the meter, with generalized positionQ and generalized momentum P ) is
Here δ(t) is the Dirac delta function, and the meter's free Hamiltonian is idealized as vanishingly small soQ andP do not evolve in the Heisenberg Picture except at the moment of interaction. A simple calculation in the Heisenberg picture gives the following expressions for the positions and momenta immediately after the measurement, in terms of those immediately before: 
The simple equations (2.3) embody the measurement result and its back action;x meas is the measured value of x before =x after , δx meas is the noise superposed on that measured value by the meter, and δp BA is the back-action impulse given to the test mass by the meter. Equations (2.3) are actually much more general than our simple example; they apply to any sufficiently quick, 2 "linear" measurement; see Eqs. (5.2), (5.14) and (5.23) of Ref. [3] , and see Appendix A below.
The initial test-mass position and momentum and the initial meter position and momentum have the usual commutation relations,
The second of these and Eqs. (2.4) imply that the measurement noise δx meas and the back-action impulse δp BA have this same standard commutator, but with the sign reversed
This has an important implication: The measured value of the test-mass position and the final value of the testmass momentum commute:
This result, like the simple measurement and back-action equations (2.3), is true not only for this pedagogical example, but also for any other sufficiently quick, linear measurement; see, e.g., Sec. II C below. It is evident from Eqs. (2.3) and (2.4) that the variances ofx meas andp after are influenced by the initial states of both the meter and the test mass:
Here we have assumed, as is easy to arrange, that the initial states of the meter and the test mass are uncorrelated. Now, the initial states of the test mass and meter are constrained by the uncertainty relations ∆x before · ∆p before ≥h 2 , (2.10)
which follow from the commutators (2.5). From the viewpoint of the measurement equations (2.3), the meter equation (2.11) is an uncertainty relation between the noise δx meas = −Q before that the meter superimposes on the output signal, and the back-action impulse δp BA =P before that the meter gives to the test mass. In the Heisenberg microscope, δx meas would be photon shot noise and δp BA would be radiation-pressure impulse. The test-mass uncertainty relation (2.10) and meter uncertainty relation (2.11) both constrain the product of the measurement error (2.8) and the final momentum uncertainty (2.9), and by equal amounts. The result is a "doubling" of the uncertainty relation, so
This doubling of the uncertainty relation relies crucially on our assumption that the initial states of the test mass and meter are uncorrelated. Correlations can produce a violation of the uncertainty relation (2.12). For example, initial correlations can be arranged so as to produce (in principle) a vanishing total measurement error ∆x meas = 0 and a finite ∆p after so the product ∆x meas · ∆p after vanishes -a result permitted by the vanishing commutator (2.7).
B. Monitoring a classical force:
"single" uncertainty relation
As we emphasized in Sec. I, the goal of LIGO-type detectors is not to measure any observables of a test mass, but rather to monitor an external force that acts on it. Correspondingly, it is desirable to design the measurement so the output is devoid of any information about the test mass's initial state. As we shall see, this is readily done in a way that removes the initial-state information during data processing. The result is a "single" uncertainty relation: the measurement result is influenced only by the quantum properties of the meter and not by those of the test mass.
Von Neumann's thought experiment
We illustrate this by a variant of a thought experiment devised by von Neumann [28] and often used to illustrate issues in the quantum theory of measurement; see, e.g., [29] and references therein. This thought experiment is a simple generalization of the position measurement described above.
Specifically, we consider a free test mass, with mass µ, positionx and momentump, on which acts a classical force F (t). To monitor F (t), we probe the test mass instantaneously at times t = 0, τ , . . ., (N − 1)τ using N independent meters labeled r = 0, 1, ..., N − 1. Each meter is prepared in a carefully chosen state, it then interacts with the test mass, and then is measured. We filter the measurement results to deduce F (t). Meter r has generalized coordinate and momentumQ r andP r , and its free Hamiltonian is vanishingly small, soQ r and P r do not evolve except at the moment of interaction. The total Hamilton for test mass plus classical force plus meters iŝ
We denote byx 0 andp 0 the test-mass position and momentum at time t = 0 when the experiment begins, and byx r andp r their values immediately after interacting with meter r, at time t = rτ . The momentum of meter r is a constant of the motion, so we denote it bŷ P r at all times. The meter coordinate changes due to the interaction; we denote its value before the interaction bŷ Q before r and after the interaction byQ r . It is easy to show, from the Heisenberg equations for the Hamiltonian (2.13), that the test-mass position immediately after its r'th interaction iŝ
Here the first two terms are the free evolution of the test mass, the third (with the sum) is the influence of the meters' back-action forces (analog of radiation-pressure force in an interferometer), and the fourth,
is the effect of the classical force. The force F (t) is encoded in the sequence of classical displacements
It is also easy to show from the Heisenberg equations that the meter's generalized coordinate after interaction with the test mass iŝ 
which is the analog of Eq. (1.4) for an interferometer test mass. This must be cancelled by a contribution from the meters. Indeed it is. If (for concreteness) r > s, then the cancelling contribution comes from a commutator of (i) theQ before s piece ofQ s (the noise superposed on the output signal s by meter s) and (ii) theP s term inQ r (the noise in the later measurement produced by the backaction of the earlier measurement):
In this example, one can trace these cancellations to the bilinear formxP s andxP r of each piece of the interaction Hamiltonian. However, this type of cancellation is far more general than just bilinear Hamiltonians: In every sequence of measurements on any kind of system, by the time a human looks at the output data stream, its entries have all been amplified to classical size, and therefore they must all be classical quantities and must commute, [Q s ,Q r ] = [Q s , Q r ] = 0. Remarkably, quantum mechanics is so constructed that, for a wide variety [30] ; and, as we shall see in Sec. III A and Appendix B, it is also true for gravitational-wave interferometers -and indeed for all measurements in which the measured results are encoded in the photon number flux of a (quantized) electromagnetic wave, i.e. any measurement based on photon detection. Moreover, it is true for any linear measurement (Appendix A below, Ref. [3] , and Eq. (2.34) of Ref. [17] ) -of which gravitational-waveinterferometer measurements are an example).
The classical nature of the output signal (the commutation of the data entries) guarantees that, when a human looks at one data entry, the resulting reduction of the state of the measured system cannot have any influence on the observed values of the other data entries. Correspondingly, we can carry out any data processing procedures we wish on theQ r , without fear of introducing new quantum noise.
Removal of test-mass influence from the output
Our goal is to measure the classical force F (t) that acted on the test mass, without any contamination from the test mass's quantum properties. The test mass's quantum properties do reside in our output data set Q, in the form of the test-mass initial positionx o and momentump o ; so our goal translates into removingx o and p o from the data set, while retaining F (t). In fact, we can do so rather easily, and thereby we will liberate our measurement from the influence of the test-mass initial state, regardless of what that state might have been.
To bring out the essence, we shall restrict ourselves to just three meters, N = 3. The generalization to large N is straightforward.
Since the measured data sampleQ r is equal to the freely evolving test-mass position at time rτ ,x free (t = τr) =x o + (p o /µ)rτ , plus noise, and since the free evolution satisfies the equation of motion d 2x free /dt 2 = 0, it is a reasonable guess that we can remove the influence ofx o andp o from the data by applying to them the discrete version of a second time derivative. Accordingly, from the measured values {Q 0 ,Q 1 ,Q 2 } of {Q 0 ,Q 1 ,Q 2 } in a representative experiment, we construct the discrete second time derivativẽ
The following argument shows that all the statistical properties of this quantity, in a large series of experiments (in which the initial states |in of the test mass
[the computed mean of G(R)] = in|G(R)|in , (2.21) whereR is the operator corresponding toR 
whereF is a weighted mean of the classical force F over the time interval 0 < t < 2τ ; cf. Eq.
(2.15). Thus, this measurement ofR is actually a measurement ofF , and is contaminated by quantum noise from the meters but not by quantum noise from the test mass.
The only role of the quantum mechanical test mass is to feed the classical signalF and the meter back-action noiseP 1 τ/m into the output.
The SQL for the classical-force measurement
How small can the test-mass noise be? A "naive" optimization of the meters leads to the standard quantum limit on the measured force, in the same way as a "naive" optimization of a gravitational-wave interferometer's design (forcing it to retain the conventional LIGO-I optical topology but optimizing its laser power) leads to the gravitational-wave SQL. Specifically:
Let the three meters all be prepared in initial states that are "naive" in the sense that they have no correlations between their coordinates and momenta. Then Eqs. .17)]. This intimate coupling -which, as we have discussed, has enormous generality -ensures that the SQL can be derived equally well from test-mass considerations and from meter considerations. We saw this explicitly in Sec. I for an interferometric gravitational-wave detector.
Beating the SQL
Equation (2.22) suggests a way to beat the classicalforce SQL and, in fact, achieve arbitrarily high accuracy: As in our "naive" optimization, before the measurement we place meters 0 and 2 in (near) eigenstates of their coordinates, so ∆Q 0 = ∆Q 2 = 0, but instead of putting meter 1 in a "naive" state with uncorrelated coordinate and momentum, we place it in a (near) eigenstate of The SQL can also be evaded by modifying the meters' measured quantitites instead of modifying their initial states. Specifically, measureQ 0 andQ 2 as before, but on meter 1 instead of measuring the coordinateQ 1 , measure the following linear combination of the coordinate and momentum (with the coefficient α to be chosen below): [13] .
Of course, one can also beat the SQL for force measurements by a combination of putting the meters into initially squeezed states and performing a quantum variational measurement on their outputs. A gravitationalwave detector based on this mixed strategy is called a Squeezed Variational Interferometer, and may have practical advantages over squeezed-input and variationaloutput interferometers [13] .
C. Pulsed-light measurements of test-mass position
Our two pedagogical examples (single position measurement, Sec. II A, and classical force measurement, Sec. II B) can be realized using pulsed-light measurements of the test-mass position. We exhibit this realization in part to lend reality to our highly idealized examples, and in part as a bridge from those simple examples to gravitational-wave interferometers with their far greater complexity (Sec. III below).
In each pulsed-light measurement we reflect a laser light pulse, with carrier frequency ω o and Gaussianprofile duration τ o , off a mirror on the front face of the test mass, and from the light's phase change we deduce the test-mass positionx averaged over the pulse. This is a concrete realization not only of the pulsed measurements of our pedagogical examples, but also of a Heisenberg microscope. We presume that the pulse duration τ o is long compared to the light's period 2π/ω o , but short compared to the time τ between measurements.
We shall analyze in detail one such pulsed measurement. The electric field of the reflected wave, at some fiducial location, iŝ
where A 0 is the pulse's amplitude, S is its cross sectional area, c is the speed of light, 2(ω 0 /c)x(t) is the phase shift induced by the test-mass displacementx(t), "h.c." means Hermitian conjugate, andâ(t) is the electric field's amplitude operator which satisfies
Note that, when decomposed into quadratures with respect to the carrier frequency, this electric field iŝ
whereÊ A andÊ φ , the amplitude and phase quadratures, are given bŷ
The powerŴ (t) in the incident wave can be written as the sum of a mean power W (t) and a fluctuating (noise) partW (t):
Here the over bar means "average over the carrier period". The light-pressure force on the mirror isF (t) = 2Ŵ (t)/c. The fluctuating part of this,F (t) = 2W (t)/c, is the back-action of the measurement on the test mass, and it produces the back-action momentum change
The test-mass momentum before and after the pulsed measurement are related bŷ
The experimenter deduces the phase shift (2ω o /c)x(t) and thence the test-mass displacementx(t) by measuring the electric field's phase quadratureÊ φ (e.g., via interferometry or homodyne detection). More precisely, the experimenter measures the phase quadrature integrated over the pulse, obtaining a result proportional tô
cf. Eq. (2.36b). Herex is the mirror position averaged over the short pulse,x meas is the measured value ofx, and δx meas is the measurement noise superposed on the output by the light pulse 
In such pulsed-light experiments, the measurement noise δx meas is proportional to the fluctuations of the light's phase quadratureÊ φ [Eqs. (2.36b) and (2.41)], and the back-action impulse δp BA is proportional to the fluctions of its amplitude quadratureÊ A [Eqs. (2.36a) and (2.38)]. Of course, experimenters can measure any quadrature of the reflected light pulse that they wish. To achieve a QND quantum variational measurement of a classical force acting on the test mass [6] [7] [8] [9] , the experimenter should measureQ 
III. GRAVITATIONAL-WAVE INTERFEROMETERS AND OTHER PHOTODETECTION-BASED DEVICES
We now turn our attention to gravitational-wave interferometers and other real, high-precision devices for monitoring classical forces that act on test masses. Our goal is to prove that for these devices, as for our idealized examples, the force-measurement precision can be made completely independent of the test mass's quantum properties, including its initial state.
As in our examples, this conclusion relies on the vanishing commutator of the variables (observables) in the output data stream. We shall now discuss the nature of the output data stream and show that its commutator does, indeed, vanish.
A. Vanishing commutator of the output
For interferometers and many other force-monitoring devices, the data stream, shortly before amplification to classical size, is encoded in an output light beam, and that beam is sent into a photodetector which monitors its photon number fluxN (t) s. The result is a discretized output data stream, whose Hermitian observables are the numbers of photons in the successive data samples,
Here t j = jτ 0 is the time of sample j, and s(t) is a sampling function approximately equal to unity during a time interval ∆t = τ 0 centered on t j and zero outside that time interval. The photon number samplesN j are the analogs, for an interferometer or other force-monitoring device, of the meter coordinatesQ j in the idealized example of Sec. II B.
In Appendix B we show that for any free light beam, the number flux operator, evaluated at a fixed plane orthogonal to the optic axis (e.g. at the entrance to the photodetector) self commutes,
This guarantees, in turn, that all the output photonnumber data samples (3.1) commute with each other
As we shall see below [Eq. (3.9)], the initial position and momentum of the test mass,x o andp o , appear linearly in the output variablesN (t) andN j . They obviously will produce nonzero contributions to the output commutators. As in our simple examples (Sec. II), these nonzero test-mass contributions must be cancelled by identical nonzero contributions from noncommutation of the measurement noise (photon shot noise) and the back-action noise (radiation-pressure noise). The vanishing output commutators constitute our first underpinning for freeing the measurements from the influence of test-mass quantization. As in the idealized measurements of Sec. II B, the vanishing commutators guarantee a key property of the data analysis: If, from each specific realization of the output data stream {Ñ 1 ,Ñ 2 , . . .}, our data analysis produces a new set of quantities (the "filtered output variables") 4) then the statistics of theseR J will be identically the same as if we had directly measured the corresponding observablesR J (N 1 ,N 2 , . . .) , (3.5) rather than computing them from the measuredÑ j 's. Therefore, we can regard our interferometer (or other device) as measuring the filtered output observables {R 1 ,R 2 , . . .}, whatever those observables may be.
B. Removing test-mass influences from the data
As in our idealized force measurement (Sec. II B), so also here, it is straightforward to remove all influences of the test-mass quantum mechanics from the filtered output. All we need do is construct filtered variableŝ R J (N 1 ,N 2 {N 1 ,N 2 , . . .}, or equally well, how they enter the photon number fluxN (t).
To very high accuracy (sufficient for our purposes), interferometers (and most other force-measuring devices) are linear. The inputs are: (i) the test-mass positionx(t) [actually, the difference between four test-mass positions in the case of an interferometer; Eq. (1.2)], and (ii) the electric field operatorsÊ a (t), a = 1, 2, . . . for the field fluctuations that enter the interferometer at the bright port, at the dark port, and at all light-dissipation locations (e.g., at mirrors where bits of light scatter out of the optical train and reciprocally new bits of field fluctuations scatter into it); see, e.g., the detailed analysis of interferometers in Ref. [13] . The output photon flux is a linear functional of these inputs,
cf. the discussion in Appendix B. TheÊ a terms constitute the photon shot noise (analogs ofQ before r in our idealized example, Sec. II B).
Suppose that no forces were to act on the test masses, except their pendular restoring forces (part of which is due to radiation pressure in the interferometer's optical cavities). Then, idealizing the test masses as all identical, the test-mass position would evolve aŝ
where µ is the reduced mass (1/4 the actual mass of one mirror in the case of an interferometer) and ω m ∼ 2π × 1 Hz is the pendular swinging frequency. In actuality, a variety of forces act on the test massesthe gravitational-wave force, the radiation-pressure backaction force, low-frequency feedback forces from servo systems, thermal-noise forces, seismic vibration forces, etc. These forces produce effects that superpose linearly on the free test-mass motion, sô
Here ξ GW (t) is the displacement produced by the gravitational wave (or other classical force), which we wish to measure,x BA (t) is the influence of the light's fluctuational radiation-pressure back action on the test-mass position (it is linear in the input fieldsÊ a and is the analog of theP r and δp BA of our discrete model problems), and ξ other (t) is the influence of other forces (which are all effectively classical but not noise-free). There is no significant damping of the free motion (thex o and p o ) in an interferometer because the experimenters take great pains to liberate the test masses from all damping; the typical damping times in advanced interferometers (LIGO-II and beyond) will be of order a year or more [14, 31] , which is far longer than the data segments used in the data analysis.
The initial test-mass positionx o and momentump o are the only test-mass observables contained in the output photon fluxN (t), and they appear in the photon flux only in the form 3 [Eqs. (3.8) and (3.6) ]
The interferometer's transfer function K x (t − t ) is generally independent of absolute time and thus transforms frequency-ω m inputs into frequency-ω m outputs. Therefore,x o andp o appear in the output solely at frequency ω m /2π ∼ 1 Hz. Now, because the output data generally 3 For a signal-recycled interferomter (e.g. LIGO-II), there is the conceivable complication thatxBA(t) depends on the testmass position at earlier times, causing the test mass plus light to behave, in a certain sense, like coupled oscillators with eigenfrequencies in the frequency band of the gravity-wave measurements [15] [16] [17] . One might fear that this invalidates Eq. (3.9) and our resulting method of removing all influence of xo andpo from the data. Not so. For all interferometers that can be regarded as linear measuring systems (including signalrecycled interferometers, conventional interferometers, and all other interferometer designs of which we are aware), Eq. (3.9) is correct and correspondingly our method of removing thê xo andpo influence is valid. One can see this by noting that Eq. (2.22) of Ref. [17] has precisely the form (3.9) when one Fourier transforms it into the time domain and translations the notation:Ẑ
(1) (t) of [17] is equal toN (t) of this paper up to a multiplicative constant, andx (0) (t) is equal tox free (t) [Eq. (3.7)]. We thank A. Buonanno and Y. Chen for advice on this.
have large noise (seismic and other) at frequencies below ∼ 10 Hz, it is routine, in interferometers, to high-pass filter the output data so as to remove frequencies below ∼ 10 Hz. When one does so, one automatically removes all influence ofx o andp o from the filtered dataR J [Eq. (3.4) ]. This is a precise analog of applying the discrete second time derivative to the output data in our simple example (Sec. II B) so as to removex o andp o from the data.
IV. CONCLUSIONS
To reiterate: In an interferometer (and many other force-measuring devices), the output signal is encoded in the photon number flux operatorN (t) of a light beam, which is converted into discrete photon number samplesN j by a photodetector and electronics. These outputs have This complete removal of all influence ofx o andp o from the filtered data implies the answers to the three questions posed in the introduction of this paper (Sec. I): (i) The test-mass quantum mechanics has no influence on the interferometer's noise; the only quantum noise is that arising from the light. (ii) Therefore, when analyzing a candidate interferometer design, one need not worry about the test-mass quantum mechanics, except for using it to feed the gravity-wave signal and the backaction noise through the test mass to the photon-flux output. (iii) Similarly, when conceiving new designs for interferometers, one need not worry about the test-mass quantum mechanics.
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APPENDIX A: LINEAR MEASUREMENTS
An important feature of our pedagogical examples (Sec. II), and of measurements performed by interferometric gravitational-wave detectors, is that they all are linear measurements in the sense of Ref. [3] ; i.e., they all satisfy the following two conditions:
(i) Linearity of the output: The meter's output can be written as the sum of the operator for the test object's measured variable and the operator for the meter's additive noise [cf. Eq. (2.3a) ], and the additive noise does not depend on the initial state of the test object. Formally this sum is an operator, but it can be treated as a classical variable because it turns out to commute with itself at different times.
(ii) Linearity of the back action: The measurementinduced perturbations of all the test-object observables that are involved in the measurement procedure can be described by linear formulas similar to Eq. (2.3b), and the perturbations [e.g. the second term on the right side of (2.3b)] do not depend on the initial state of the test object.
This second condition requires discussion: The perturbations' independence of the test-object initial state is particularly important when several test-object variables are measured consecutively -for example, if the same Heisenberg-Picture variable is measured quickly and repetitively at different moments of time as in our pedagogical examples (Sec. II), or if a variable is measured continuously as in a gravitational-wave detector (Sec. III). Suppose, for example, that the variablex 1 is measured with precision ∆x 
Our condition (ii) of back-action linearity requires that this accuracy not depend on the initial state of the test object. A sufficient condition for this is that the commutator [x 1 ,x 2 ] be a c-number, and that this requirement be fulfilled for all the operators involved in the measurement 4 Linear measurements are closely related to linear systems (those for which the equations of motion for the generalized coordinates and momenta are linear; for example, a free mass and a harmonic oscillator) because the commutators of such systems' coordinates and momenta are c-numbers.
In nonlinear measurements (e.g. measurements of a particle in a double-welled potential), some very strange phenomena can arise, for example the quantum Zeno effect.
Strictly speaking, all real meters are nonlinear. However, in most cases they can be regarded as linear to high accuracy. For example, if one measures displacements of a mirror of a Fabry-Perot cavity by monitoring the phase of light that passes through the cavity (as is done in LIGO), then the measurements are linear so long as the displacements are much smaller than the width of a cavity resonance, i.e. much smaller than λ/F where λ is the wavelength of the light and F is the cavity finesse.
If, by contrast, the displacements are comparable to or much larger than λ/F , then the measurements are strongly nonlinear. An example is a proposed nulldetector technique [32] for measuring the phase of a mechanical oscillator, in which the oscillating mass is an end mirror of a Fabry-Perot cavity, and the times at which the mirror passes through cavity-resonant positions are measured with high accuracy by the cavity's momentary transmissivity. These measurements are highly nonlinear because, in the proposed design, not only are the mirror displacements large compared to the cavity's linearity regime, λ/F ; the mechanical oscillator's amplitude of zero-point oscillations δx zp is also large compared to λ/F . State reduction plays an important role in this null detector's measurements: it drives the mechanical oscillator into a squeezed-phase state, thereby facilitating a high-precision monitoring of the oscillator's phase [32] . It would be instructive to analyze the use of this highly nonlinear meter to monitor a classical force that acts on the oscillator's mass. Does the oscillator's initial quantum state influence the accuracy of the monitoring?
Three properties of an interferometric gravitationalwave detector (interferometric position meter) allow one to consider it as linear with sufficiently high precision to justify the linear analysis given in this paper. First, its test-mass mirrors can be regarded as free masses (or as harmonic oscillators if significant electromagnetic rigidity exists in the system). Second, its linearity range λ/F ∼ 10 −6 cm is much greater than the wave-induced displacements of the test masses ( < ∼ 10 −15 cm). Hence, the signal phase shift of the output optical beam depends linearly on the displacement. Third, the measurement of the photon flux out the dark port is virtually equivalent to the measurement of the phase of the output beam because (i) the signal phase shift is much less than one radian and (ii) the mean value of the amplitude of the optical pumping field is much larger than the quantum uncertainties of its quadrature amplitudes.
For a detailed presentation of the theory of linear measurements see Chaps. 5 and 6 of Ref. [3] . For a detailed application of this theory to interferometric gravitational-wave detectors see Ref. [17] .
